We study non-Hermitian generalizations of the Kitaev and px + ipy topological superconductor models only by requiring the particle-hole symmetry. The condition of the emergence of the Majorana edge states in nonHermitian systems is that the states have zero or pure imaginary energy. Skin Majorana edge states emerge when the system is nonreciprocal. We then propose to simulate the Kitaev model by an LC electric circuit and the px + ipy model by an LC circuit together with operational amplifiers. The particle-hole symmetry is preserved and Majorana edge states survive even in the presence of parasite resistances in the circuits. It is pointed out that these Majorana edge states can be detected by measuring two-point impedance.
I. INTRODUCTION
A Majorana fermion will be a key for future topological quantum computations 1 . It is a particle which is identical to its antiparticle [2] [3] [4] . Majorana fermions are realized in topological superconductors 5, 6 and Kitaev spin liquids 7, 8 . In these systems, the particle-hole symmetry (PHS) plays an essential role since the zero-energy states becomes Majorana fermions 2-4 . However, it is a highly nontrivial problem how to manipulate Majorana fermions in these systems. It is an interesting problem to seek other systems realizing Majorana fermions. Especially, it is fascinating if Majorana fermions are simulated by electric circuits.
Recently, non-Hermitian topological systems attract growing attentions [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . They are realized in various systems including photonic systems [22] [23] [24] [25] , microwave resonators 26 , wave guides 27 , quantum walks 28, 29 and cavity systems 30 . There are studies on non-Hermitian generalization of the Su-Schrieffer Heeger model 17, 23, 25, 26, [31] [32] [33] [34] , the Chern insulator 33, [35] [36] [37] [38] and the Kitaev topological superconductor model [39] [40] [41] [42] [43] [44] [45] . NonHermitian topological systems are also realized in the LCR circuits 46 , where resistors introduce non-Hermitian terms. The non-Hermitian system is classified whether it is reciprocal or nonreciprocal. Reciprocal non-Hermitian systems are realized by including gain and loss. On the other hand, skin-edge states are formed in non-reciprocal non-Hermitian systems 17, 33, 47 , where all the eigen states are localized at one edge.
In this paper, first we generalize topological superconductor models into non-Hermitian systems in one-dimensional (1D) and two-dimensional (2D) spaces only by requiring the PHS. Majorana edge states are shown to survive even in the presence of non-Hermitian terms. Especially, a state with a pure imaginary energy is a Majorana state. Majorana skin states are formed in non-reciprocal non-Hermitian systems. Then we propose to simulate these systems by electric circuits (Fig.1) . It is important that we can tune parameters so that the system respects the PHS. The Kitaev model may be simulated either by a pure LC circuit or by an LC circuit together with operational amplifiers. By tuning system parameters, the non-reciprocity is introduced into both of these systems. The p x + ip y model is constructed by aligning these two circuits along the orthogonal directions [ Fig.1(c) ]. The PHS is preserved even when parasite resistance exists for capacitors and inductors, implying that the Majorana edge states are robust. We finally show that these Majorana edge states are well observed by measuring the two-point impedance.
II. NON-HERMITIAN MAJORANA STATES
Majorana states are realized at zero energy in the Hermitian system with the PHS. The PHS is defined by
We first generalize it to the non-Hermitian case. If the par- ticle has an energy E (k), its antiparticle has the energy −E * (−k) in the presence of the PHS. Namely, the wave functions always appear in particle-hole pair with the energy (E (k) , −E * (−k)). Especially at the PHS invariant momentum, if the states satisfy the relation E = −E * , the particle is identical to its antiparticle and the Majorana fermion emerges. Note that the energy is pure imaginary provided E = 0. It is contrasted to the Hermitian system, where the condition for the emergence of the Majorana fermion is the zero energy (E = 0). See Appendix A for more details.
III. NON-HERMITIAN KITAEV MODEL
The Kitaev p-wave topological superconductor model is the fundamental 1D model hosting Majorana zero-energy edge states. We consider a non-Hermitian one-band superconductor, whose Bogoliubov-de Gennes equation is given by a 2 × 2 matrix. To construct a model, we generalize the Kitaev model by including non-Hermitian terms but preserving the PHS. The Hamiltonian is generally written in the form of
with γ representing dissipation, and
where
is a backward (forward) superconducting pairing ampli- 
We find that the bulk gap closes at
See Appendix B for details. Note that the present model is different from the non-Hermitian Kitaev model with the P T symmetry 40, 42, 43 , where the chemical potential is complex. We seek for topological phases. The topological number is given by the Z 2 invariant ν in the original Kitaev model,
where k = 0, π are the PHS invariant momenta, and H α is the coefficient of σ α by expanding H as
The formula (5) is valid also for the non-Hermitian system because of the PHS. Calculating it explicitly we find that
where we have used the fact that H z (k) is real at the PHS invariant momenta because of the condition H z (k) = H * z (−k) required by the PHS 44 . See Appendix B for details. It follows from (7) that there are two phases with the phase transition points being
The system is topological (ν = 1) for |µ| < Re t b + t f and trivial (ν = 0) for |µ| > Re t b + t f . We confirm the non-Hermitian bulk-edge correspondence 13, 17, 18, 33, 37, 46 by a numerical evaluation. Namely, the topological edge modes emerge only in the topological phase for a finite chain, as shown in Fig.2 . The topological phase transition point (8) is different from the bulk-gap closing point (4). It is a characteristic feature of skin edge states that they are different. They become identical when the system is reciprocal
We study two characteristic cases of non-Hermitian models: (i) Majorana edge states with pure imaginary energy emerge in a reciprocal non-Hermitian model [ Fig.2(b) ], when we assume a complex value for the hopping amplitude t b = t f and a real value for the pairing amplitude
(ii) Majorana edge states with zero energy emerge in a non-reciprocal non-Hermitian model [ Fig.2(c) ], when we assume a real value for the hopping amplitudes t b = t f and real values for the pairing amplitudes but with ∆ b = ∆ f . The local density of states (LDOS) is shown for all eigen-energies in Fig.3(a1) -(c1). We observe that skin edge states are formed in the nonreciprocal non-Hermitian Kitaev model [ Fig.3(c1) ], where all the eigen states are localized at one edge, as in the nonHermitian Su-Schrieffer-Heeger model 17, 33, 37 . 
IV. NON-HERMITIAN px + ipy MODEL
In the similar way, we construct a non-Hermitian p x + ip y model in 2D space, which is described by the Hamiltonian
The bulk gap closes at
with η t = ±1 and η ∆ = ±1. See Appendix C for more details. The topological number is given by the Chern number ω in the original p x + ip y model. It is evaluated as
where (k x , k y ) = (0, 0), (0, π), (π, 0) and (π, π) are the PHS invariant momenta. This formula is valid also for the nonHermitian system because of the PHS. Calculating (13) explicitly we find that the topological phase transition occurs at
See Appendix C for details. We confirm the non-Hermitian bulk-edge correspondence 13, 17, 18, 33, 37, 46 by a numerical evaluation. Indeed, the topological edge states emerge only in the topological phase for nanoribbon geometry. We show the chiral edge states in the topological phase in Fig.4 , where nonHermitian Majorana edge states are found to emerge at a pureimaginary energy. The phase transition point (14) is different from the bulk-gap closing point (12) as a characteristic feature of skin edge states.
We show the LDOS of the Majorana states in Fig.5 . In the original p x + ip y model, the chiral edge states emerge as shown in Fig.5(a) . When there is nonreciprocity along the x axis but reciprocal along the y axis, one dimensional skin edge states emerge as shown in Fig.5(b) . On the other hand, both the x and y axes are nonreciprocal the second-order skin-edge states 46, 57, 58 emerge, where the LDOS has a strong peak at one corner.
V. ELECTRIC-CIRCUIT REALIZATION OF THE KITAEV MODEL
Electric circuits present an ideal play ground to study topological phases 46, [50] [51] [52] [53] [54] [55] [56] 58 . We propose to simulate the Kitaev model by electric circuits as shown in Fig.1 . It is possible to construct two types of circuits for the Kitaev model. One is the Kitaev model with pure imaginary superconducting gaps [ Fig.1(a) ], and the other is the one with real gaps [ Fig.1(b) ]. In both cases, we use two main wires: One wire consists of capacitors C in series, implementing the electron band, while the other consists of inductors L in series, implementing the hole band. The hopping parameters are opposite between the electron and hole bands, which are represented by capacitors and inductors. Indeed, they contribute the terms proportional to iωC and 1/(iωL) to the circuit Laplacian J ab (ω) in (15) , respectively, where ω is the frequency of the AC current. In the wire with capacitors, each node a is connected to the ground via inductor L 0 , and the other with inductors is grounded by capacitor C 0 , as in Fig.1 . The unit cell indicated by a dotted cyan box contains two sites.
We then introduce pairing interactions between them. In order to construct the model (a), we cross bridge two wires by capacitors C X and inductors L X as shown in Fig.1(a) . On the other hand, in order to construct the model (b), we cross bridge two wires by operational amplifiers, which act as negative impedance converters with current inversion 48 . In the operational amplifier, the resistance depends on the current flowing direction; R f for the forward flow and −R b for the backward flow with the convention that R b > 0.
Let I L(C) a be the current between node a L(C) and the ground via the inductance L (conductance C), and V When we apply an AC voltage V (t) = V (0) e iωt , the Kirchhoff's current law reads 50, 51 
where the sum is taken over all adjacent nodes b, and J ab (ω) is the circuit Laplacian. It is related to the Hamiltoninan H ab by the formula 50,51 J ab (ω) = iωH ab (ω). The corresponding Hamiltonian for imaginary superconducting gap [ Fig.1(a) ] is given by
with
where r C and r L are parasite resistances due to the capacitors C and inductors L on the wires, respectively; r 0 is a parasite resistance of C 0 and L 0 connecting each node and the ground. We note that parasite resistances are present in realistic electric circuits in general.
On the other hand, for real superconducting gap [ Fig.1(b) ], we use f 1 and f 2 as above and
where R b and R f are backward and forward resistances of operational amplifiers. The reciprocal model is obtained for R b = R f and the non-reciprocal one is for R b = R f . In order to satisfy the PHS, we set
We also tune the ratio of the C 0 and L 0 to satisfy ω 0 = 1/ √ L 0 C 0 and r C = r L . At this frequency, we have the correspondences between the circuit parameters and the superconductor models,
It is important that the PHS is preserved even in the presence of parasite resistances. The system is precisely at the topological phase transition point (8) without the capacitors C 0 and the inductors L 0 , since the condition µ = −Re t b + t f is satisfied. It is topological in the presence of C 0 and L 0 . The system turns into a trivial phase when we exchange the capacitors and inductors connected to ground.
The minimum model realizing the original Kitaev model is realized only by using the LC circuits
and the hopping t and the superconducting gap ∆ are given by
where we have tuned such that ω 0 = 1/ √ L X C X . The Majorana edge states are observable by measuring the two-point impedance between the a and b nodes, which is given by 52 G ab = V a /I b , where G is the Green function defined by the inverse of the Laplacian J, G ≡ J −1 . We show numerical results in Fig.3(a2)-(c2) for typical values of parameters, where we have set one node at the left or right edge. The behavior of the impedance is very similar to the LDOS of the Majorana edge states [ Fig.2(a1)-(c1) ].
Finally, the p x + ip y model is simulated by layering the Kitaev models with imaginary gap comprising of the LC bridge in the x direction and real gap comprising of the operational amplifier bridge in the y direction as shown in Fig.1(c) .
VI. DISCUSSION
A Majorana state will be a key for future topological quantum computations. We have studied the Majorana states in Hermitian and non-Hermitian systems, and proposed to simulate them by electric circuits. The merit of electric circuits is that it is easy to tune and control the parameters. Furthermore, various extensions are possible to electric circuits for such as the dimerized Kitaev model 59 and the Kitaev ladder model 60 .
Our results might open a new way for topological quantum computations based on Majorana states in electric circuits.
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The eigen equation is
We find
and thus
The wave functions always appear in pair with the energy (E (k), −E * (−k)). When E = −E * , only one Majorana fermion emerges. The condition is that the energy is zero or pure imaginary.
When the BdG Hamiltonian is written in a 2 × 2 matrix, we can expand it in terms of the Pauli matrices as
In the presence of the PHS, there are relations
Derivation of non-Hermitian Kitaev models with the PHS
The most general extension of the Kitaev model is given by
Its particle-hole conjugate is calculated as
is the particle-hole symmetry operator and K represents the complex conjugation. On the other hand, we have
The particle-hole symmetry imposes the condition
In order to satisfy the PHS, the following relations must hold,
Thus, the non-Hermitian particle-hole symmetric Kitaev model is generally written in the form of 
